A new formalism to describe the spatiotemporal evolution of relativistic Raman backscatter ͑RBS͒ of ultrashort laser pulses in underdense plasma has been developed. This theory is based on an eikonal representation for the RBS field and averaging over the oscillation frequency. Equations are derived for the evolution of the RBS radiation field amplitude and phase and for particle motion in the ponderomotive potential of the pump and RBS fields. A technique similar to that used in Raman free electron lasers is used to include the plasma density oscillation and its electric field in the particle equations. The equations have been solved numerically in a code that provides an accurate description of the nonlinear electron motion on a short spatial scale of half the radiation wavelength, while at the same time evolving the laser field on a much coarser scale, characteristic of the growth rate of the instability. Two-dimensional nonlinear effects, such as the return current, are analytically estimated and phenomenologically incorporated in the numerical code. The results of recent ͑RBS͒ experiments are compared with the analytical and numerical predictions of the theory. A statistical theory of the linear RBS instability growing from plasma noise is developed. It is found that in the nonlinear regime backscattered radiation, seeded by random density fluctuations in the plasma, breaks up into spikes, which exhibit superradiant behavior. These effects might explain the spikiness of the RBS spectra in the nonlinear regime.
I. INTRODUCTION
The importance of stimulated Raman backscattering ͑RBS͒ to the propagation of intense light in the plasma has long been recognized, triggering experimental and theoretical activity, for example, in the context of laser-driven intertial confinement fusion. 1 Stimulated backscattering from long ͑in the 100 ps-few nanosecond range͒ laser pulses was observed, 2, 3 and various saturation mechanisms of this instability, such as parametric decay, 4 particle collisions, 5 and particle trapping, 6 were suggested. Recent interest in the interaction of ultrashort laser pulses with plasmas has motivated a number of RBS experiments around the world. 7, 8 RBS is a possible mechanism for pulse energy loss and may be a useful diagnostic of the pulse evolution. 9 The physics of RBS from an intense, short pulse ͑ pi L Ӷ1, where L is drive pulse length and pi the ion plasma frequency͒, propagating in a plasma differs from the long pulse case in which ion motion plays an important role. In the short pulse regime ions are essentially stationary and the RBS instability saturates through electron trapping. In addition, the longitudinal extent of the laser pulse, c L , is much shorter than the propagation distance in the plasma, typically limited by laser diffraction to twice the Rayleigh length Z R ϭw 2 / 0 , where w is the laser waist, and 0 is the laser wavelength. The resulting backscattered radiation is largely incoherent since coherence is preserved only over a distance roughly equal to c L ͑or shorter, as we show for the cases when RBS radiation undergoes many exponentiations while traveling through the pulse͒. This incoherence, as well as the finite duration of the RBS pulse, has ͑as we will show͒ a profound effect on the results of spectral measurements. Recent experiments 7 indicate that the RBS spectrum is narrow and smooth at low laser intensity, becoming broad and spiky at high intensity. Understanding and modeling the physics of these spectral measurements is one application of our formalism.
The RBS instability stands apart from the forward and side Raman scattering instabilities. The forward and sidescatter instabilities are central to the development of coherent longitudinal plasma oscillations in the self-modulated laser wakefield accelerator 10, 11 and laser pulse propagation in homogeneous plasmas 12, 13 and plasma channels. [14] [15] [16] Forward scattered light propagates along with the laser and is essentially coherent since the front of the scattered pulse acts on the back of the pulse through the plasma wake. Nearforward Raman instabilities are typically seeded by the shape of the pump envelope, 17, 18 which has some variation on the c/ p spatial scale. On the other hand, the RBS instability is seeded by incoherent density fluctuations of the thermal plasma on a scale 0 /2. Therefore, any consistent analysis of RBS growth from noise must address the statistical properties of the RBS signal. While some of the very interesting and unexpected physics of relativistic laser-plasma interactions was probed by the spectral analysis of the Raman forward scattering ͑such as an explosive instability producing spectral features shifted by half plasma frequency 10, 19 ͒, in this paper we confine our analysis to Raman backscattering. The RBS instability is very similar to the free-electron laser ͑FEL͒ instability, as can be seen by a suitable change of the reference frame. In this analogy the drive laser pulse corresponds to the wiggler; the plasma electrons to the electron beam; and the backscatter to the FEL output radiation. Since there is no radiation seed available for an x-ray FEL, radiation will have to grow from incoherent density perturbations of the electron beam, much like the RBS instability growing from the plasma noise. The proposed x-ray FELs based on high-energy linacs promise that ultrahigh brightness tunable x-ray sources for scientific applications 20 would operate in the self-amplified spontaneous emission ͑SASE͒ mode. Shotto-shot variation in the spectrum and spectral and temporal spikiness are areas of active research. 21 Some aspects of the SASE FEL physics can be studied in the plasma RBS experiments. Furthermore, it has been proposed 22 to measure bunch length from the spectral fluctuations in the spontaneous emission of a beam. It may also be possible to infer laser pulse length from analysis of the statistical properties of the RBS.
While the linear one-dimensional theory of RBS is well understood, 9,23 a careful nonlinear spatiotemporal analysis of this instability has not yet been undertaken. The three-wave nonlinear analysis of Scoric et al. 24 demonstrated that intermittent and chaotic behavior of RBS may be expected at high incident laser intensities and plasma densities. This regime corresponds to reflectivities of order unity and is, therefore, inapplicable to the standard laboratory conditions, where reflectivities are very small.
The spectrum of a single realization of finite duration RBS radiation growing from noise is not considered by the one-dimensional linear theory of Mounaix et al. 23 The theory of Ref. 23 is, essentially, limited to statements about averages over many shots ͑experiments͒ or about observations which are course grained by the spectrometer resolution. In particular, the analysis in Ref. 23 does not yield spikes in the short pulse RBS spectrum. The analogy with FELs indicates the appropriate theoretical framework to employ in the study of the spectra of parametric instabilities growing from noise. For example, Bonifacio et al. 25 presented a very detailed analysis of the longitudinal coherence of SASE radiation in a high-gain one-dimensional FEL amplifier. In this paper we will examine two-dimensional phenomena such as return current and transverse coherence-crucial, we believe, for understanding the results of the RBS spectrometric experiments.
In Sec. II of this paper we present a new approach for studying RBS that is similar in many respects to the single particle approach used in FEL theory. 26 Our nonlinear model uses an eikonal approximation to simplify the wave equation, includes space-charge forces ͑i.e., the plasma electric field͒, is valid in both the weakly and strongly coupled regimes, makes no assumption that the electron quiver velocity in the drive field is nonrelativistic, and includes electron temperature and trapping. The ions are assumed motionless and uniform. Consistent with this assumption, the incident laser pulse length is assumed to be much shorter than the inverse of the ion plasma frequency. A one-dimensional set of equations is derived. The equations are then extended to include much of the full three-dimensional dynamics. In particular, an important two-dimensional nonlinear effect we address in this paper is the transfer of momentum from the incident laser to plasma electrons. In one dimension no net momentum ͑averaged over 0 /2͒ can be transferred to the electrons if ions are assumed immobile. 27 In two dimensions, electrons inside a thin RBS filament may acquire positive momentum, while electrons outside of the filament may acquire negative momentum ͑with the total momentum transfer still vanishing͒, resulting in the so-called return current. The influence of the return current on the spectrum of RBS from long laser pulses has been discussed using one-dimensional particle-incell ͑PIC͒ simulations. 2 To ensure that the total current vanishes in one-dimensional PIC simulations, the electric field has to be calculated from the Ampère's law ͑assuming vanishing magnetic field͒ ‫ץ‬E/‫ץ‬tϩ4Jϭ0. 28 Here we present a two-dimensional nonlinear theory of the return current generated by RBS growth. Based on this theory, an extra term, which depends on the transverse spot size of the laser, is introduced into the one-dimensional equations of motion for plasma electrons. Not only do we find the blueshifting of the RBS spectrum due to the return current, 2 but also an enhancement of the saturation level of RBS radiation. Interestingly, we find that a quasistatic electric field is moving along with the laser pulse through the plasma.
The linear theory of RBS growth from noise is presented in Sec. III. An explicit ͑closed form͒ Green's function for the backscatter in the weakly coupled regime is obtained and is used to analyze the longitudinal coherence of the backscattered radiation. Assuming that the spatial density perturbation of thermal plasma is described by broadband ͑white͒ noise, the averaged RBS power spectrum is shown to be the square amplitude of the Green's function.
Results of a numerical solution of the one-dimensional equations are presented in Sec. IV. We show that nonlinear saturation of the RBS instability, seeded by a random noise source and by a steady-state ͑coherent͒ noise source, proceed very differently. In the latter case, the backscattered radiation reaches a steady state, saturating at a level corresponding to particle trapping in a combination of the ponderomotive and plasma wave potentials. In the former case, backscattered radiation breaks up into short superradiant spikes, each of them of exceeding the steady-state saturation intensity. We study the nonlinear interaction between these spikes numerically. The relation between the theoretical work and experiment is discussed in Sec. V.
II. BASIC FORMALISM
We assume the total light field to be the sum of the incident laser pump a 0 and the backscatter a 1 where
are the normalized vector potentials a 0,1 ϭeA 0,1 /mc 2 . The dependence on r Ќ ϭ(x,y) allows for diffraction and guiding of the pulses. In this analysis a one-dimensional approximation is made and the field amplitudes are assumed to vary slowly, in (z,t), on the scale of laser wavelength and fre-quency. Thus we assume that an eikonal approximation is valid which corresponds to a system where the growth rate and the plasma frequency are slow compared to the laser frequency, i.e., that the plasma is underdense. The slow variation of a 1 describes diffraction and the growth of the RBS radiation field. To further simplify the analysis, we assume that diffraction and depletion of the pump a 0 proceed slowly, so that a 0 is only a function of the transverse coordinate r Ќ and the comoving with the speed of light coordinate sϭctϪz. A self-consistent treatment of the drive pulse a 0 is straightforward but will not be included here. The phases of the waves are ␣ 0 ϭ(k 0 zϪ 0 t) and ␣ 1 ϭ(k 0 z ϩ 0 t). The backscatter pulse a 1 is driven by the currents induced from the coupling of the ponderomotively bunched plasma ͓at a wave number of Ϸ2k 0 ϭ‫␣(ץ‬ 0 ϩ␣ 1 )/‫ץ‬z͔ to the quiver motion in the pump. The plasma electric field will be included, so that our model is valid for growth rates larger or smaller than the plasma frequency p0 . 29 The plasma ions are taken to be motionless on the time scales of interest. Consistent with the one-dimensional approximation, we assume that the transverse canonical momentum of the electrons is conserved. This assumption, which is obviously satisfied if the particle motion in the field of the incident laser only is considered ͑since the waist of the laser is typically many wavelengths wide͒, becomes subtle when the transverse a spikiness'' of the RBS radiation is taken into account. Nevertheless, as we show later, the typical region of transverse coherence of RBS radiation is several wavelengths across, which preserves the transverse canonical momentum with sufficient accuracy. We obtain longitudinal equations of motion for a particle ͑labeled by the index j͒ with vanishing canonical momentum in the (x,y) plane,
Here p z ϭzk 0 v z /c and ϭct, where m is the electron mass and c the speed of light, and we assumed that longitudinal electron velocity is nonrelativistic. The latter assumption is justified provided the plasma is very underdense, so that the phase velocity of the ponderomotive beat is nonrelativistic. The relativistic ␥ factor can thus be assumed equal to ␥ϭ␥ 0 ϭͱ1ϩa 0 2 . The ponderomotive phase j ϭ␣ 0 ͓z j ,(),͔ϩ␣ 1 ͓z j (),͔ serves as a Lagrangian coordinate of the plasma electron. The first term in Eq. ͑2͒ is the plasma electric field, while the second and third terms express the ponderomotive force of the radiation acting on the electron.
To capture the three-dimensional physics associated with the return current, we solve for E z using the threedimensional Maxwell's equation,
where and J are plasma density and plasma current density, respectively. In accordance with our eikonal assumption, the electric field can be locally expanded in a sum of harmonics of the ponderomotive beat 2k 0 with slowly varying coefficients,
In what follows, we try to semiquantitatively incorporate the three-dimensional physics of the return current into a onedimensional model which we will simulate numerically. The nonzero harmonics of the plasma electric field can be easily calculated by noting that the dominant derivatives in Eq. ͑4͒ are in z. We obtain
where ͗ ͘ refers to particle averaging over the ponderomotive bucket. A similar single-particle eikonal approach has been widely used in the numerical studies of FELs. 30 Calculation of the slow-varying ͑on the scale of a ponderomotive bucket͒ electric field E 0z is more subtle and can only be analytically carried out under a restrictive set of assumptions. We start by describing the bucket-averaged particle density n and velocity v av as fluid quantities which are only functions of transverse coordinates and s. This is justified by the disparity between the group velocity of the pump laser ͑very close to speed of light c͒ and the phase velocity of the ponderomotive wake ͑much smaller than c͒. The bucket-averaged force equation is then
͑6͒
The first term in Eq. ͑6͒ describes a slow plasma wave while the second term describes the bucket-averaged recoil force of the backscattered radiation. Solving Eq. ͑6͒ in conjunction with the continuity and Poisson equations, yields
͑7͒
We make the simplifying assumption that the growth rate of the RBS instability is much smaller than the plasma frequency, so that nϷn 0 . In this instance the averaged plasma density inside the laser pulse stays approximately equal to the unperturbed plasma density ahead of the pulse. This behavior results from an interplay between the logitudinal and transverse dynamics of the plasma, and deserves a clarifying physical explanation. If the logitudinal motion of the plasma electrons, subject to the ponderomotive force alone is considered, one is led to conclude that the plasma density increases inside the laser pulse. This is because the radiation recoil, on average, pushes plasma electrons forward, thus decreasing their longitudinal spacing inside the pulse from that ahead of the pulse. However, the resulting density increase generates electric fields which push electrons out in radial and backwards directions. If the recoil force varies slowly on 1/ p scale, charge neutrality is preserved. Assuming ‫,‪z‬ץ/ץ‪ϭ‬ץ/ץ‬ Eq. ͑3͒ can then be simplified to yield a local ͑in s͒ expression for E 0z ,
which depends parametrically on the propagation time .
One of the consequences of Eq. ͑8͒ is that the total ͑averaged over 0 /2 and integrated over the transverse dimensions͒ momentum transferred from the waves to plasma electrons vanishes. This is an extension of the one-dimensional results in Ref. 27 . Equation ͑8͒ can be solved using the Green's function for the Helmholtz equation, yielding, for slab geometry,
͑9͒
To make qualitative statements about the influence of the return current on the RBS instability, we estimate the slowly varying electric field at xϭ0, assuming that the recoil force has a transverse structure of a filament with spot size , with a Gaussian profile a 0 a 1 ͗e
͑10͒
where F͑u ͒ϭ2ue
.
͑11͒
The return current factor F is a monotonic function increasing from 0 to 1 as the spot size of the filament changes between 0 and ϱ. Equation ͑10͒ expresses a physically intuitive fact: If a filament of backscattered light is much narrower than the collisionless skin depth, most of the return current flows outside of the filament, and the nonlinear evolution of the RBS instability is not affected by this additional electric field. If, on the other hand, the filament of backscattered light is wider than the collisionless skin depth, plasma electrons are, on average, slowed down by the slowly varying electric field. This results in two related effects: The nonlinearly saturated amplitude of the RBS increases and the spectrum of the RBS radiation is blueshifted. This is confirmed by numerical simulations. This approximate model for the return current factor enables us to capture some aspects of the three-dimensional physics in a one-dimensional simulation. After inserting the expressions for E lz from Eqs. ͑5͒ and ͑10͒ into the equation of motion Eq. ͑2͒ and dropping the slow derivatives, we obtain, dp
Apparently, in the linear regime the growth of the RBS instability is not affected by the return current. In the nonlinear regime, Eq. ͑12͒ describes the dynamics of plasma electrons in a single transverse filament of size . As we show below, RBS radiation growing from random plasma density noise consists of very narrow uncorrelated filaments. Nonlinear self-interaction of the filaments is unimportant in this situation because F Ϸ0, and nonlinear interaction between the filaments dominates. This interaction between the filaments is not captured by Eq. ͑12͒. We qualitatively consider interaction between different filaments in Sec. V. However, the RBS instability can be seeded by a low-intensity. long-pulse laser in the direction opposite to the highintensity short-pulse pump. By choosing the spot size of the seed laser to be larger than that of the pump, the radius of the RBS filament will be controlled by the spot size of the pump. As a result, a short ''bullet'' of quasistatic electric field will propagate through the plasma with the velocity close to the speed of light. Possible applications of such a system, e.g., for particle acceleration, may be worth future consideration.
The one-dimensional field equation for the backscattered light, derived from Maxwell's equations using an eikonal approximation is
͑14͒
The numerical implementation of these equations uses the variables , sϭ(Ϫz) so that particles evolve with d/d ‫)‪s‬ץ/ץ‪ϩ‬ץ/ץ(‪ϭ‬‬ and the differential operator in the field equation becomes ‫.)‪s‬ץ/ץ2‪ϩ‬ץ/ץ(‪z)ϭ‬ץ/ץ‪tϪ‬ץ/ץ(‬
III. ONE-DIMENSIONAL LINEAR MODEL OF RBS
In this section we follow the analysis of Ref. 31 and derive, in the linear regime, a Green's function governing the spatiotemporal evolution of RBS radiation in a cold plasma. In this limit a fluid model is sufficient and
where the ͑complex͒ density perturbation is given in terms of the average defined in Sec. II by ␦nϭ2͗e Ϫi ͘. It appears reasonable to assume that the RBS radiation is mainly seeded by density fluctuations in the plasma encountered by the front of the laser pulse. The Green's function at sϭs 0 , G n (,s 0 ), describes a radiation spike, exiting from the back of the pump laser pulse, which is seeded by the localzed density perturbations encountered by the front of the pulse at ϭ0. This spike consists of a precursor starting at ϭs 0 /2 ͑radiation immediately emitted upon the encounter of the density perturbation by the pulse͒; the main body of the spike around ϭ3s 0 /4; and the trailing part рs 0 . The width of the Green's function coh determines the coherence time of the RBS radiation. In the limit of many exponentiations, ⌫s 0 ӷ1, the temporal half-width of the main body of the spike is c coh ϭͱs 0 /8⌫. The Fourier transform of G n , Ĝ n (), has the form
yielding a spectral half-width, ⌬/cϭͱ2⌫/s 0 . The resulting backscattered radiation, seeded by random density fluctuations, consists of spikes whose duration is of the order of coh and amplitudes are random. This spiky signal is observed in our simulations.
The density perturbations that seed the RBS radiation have a very short correlation distance of order of the Debye length, D ϭv th / p . For typical laser-produced plasmas with temperatures under 100 eV this correlation distance is much shorter than 0 /2, the wavelength of the plasma wave resonantly enhanced by the RBS instability. The assumption of a cold plasma is justified if 2k 0 D Ϸ4ϫ10
ͱT͓eV͔Ӷ1. When this assumption is satisfied, it is also reasonable to assume that the power spectrum of the plasma fluctuations is almost flat ͑i.e. white͒ around kϭ2k 0 . The seed noise for the RBS radiation is much broader in frequency than the spectral width of the Green's function. This does not imply that the noise spectrum of plasma density is truly ''white noise,'' but rather, at spatial frequencies of order 2k 0 there is no appreciable variation in the spectral density of the noise over a frequency range of order ⌬. When scattering from random plasma fluctuations is considered, the standard approach to calculating the expected radiation is to ensemble average the plasma density fluctuations. 32 We obtain from Eq. ͑18͒,
where ͗...͘ denotes averaging over an ensemble, or averaging over many laser shots. Even on a single shot averaging can be justified under a number of circumstances, e.g., when the duration of the detected signal, t sig , is much longer than the collisional time in the plasma, so that a number of decorrelated noise realizations are sampled by the measuring device. When spectroscopic measurements are considered, another important quantity is the measurement time, T ϭ2/␦, where ␦ is the resolution of the spectrometer.
Since the essence of a spectral measurement is to stretch out the signal in time, the measurement ''correlates'' fields separated by T or less. If t sig ӷT the time-integrating spectrometer averages over many statistically uncorrelated radiation slices and the observed single-shot spectrum is given by Eq. ͑22͒. Hence, the spectrum is smooth and, in linear regime, coincides with the Fourier transform of the RBS Green's function. In this case, the resolution of a spectrometer is not high enough to observe spectral spikes on a scale of t sig Ϫ1 . For instance, to observe spectral spikiness with ␦ϭ2/t sig of a laser pulse of duration t sig ϭ150 ps and wavelength ϭ1 m requires a spectrometer with spectral resolution ␦/ϭ2
If t sig ϽT, every temporal slice of the RBS field seen by the spectrometer is correlated to every other slice. Since the RBS radiation is random ͑coherent only over coh Ӷt sig ӶT͒, the power spectrum will be random and spiky, with interspike separation of order 2/t sig , In fact, one can demonstrate that the variance of the observed power spectrum of a random Gaussian signal has a variance approximately equal to unity,
Ϸ1. ͑23͒
Therefore, single-shot spectra, taken by a spectrometer with a frequency resolution better than 2/t sig , will be unreproducible shot to shot. A typical spectrum, obtained from our numerical simulation of Eqs. ͑12͒ and ͑14͒ is shown in Fig.  1͑a͒ . Another example of the irreproducibility and spikiness is the random phasing of high-power lasers to improve the uniformity of target irradiation. 33, 34 When a random-phase plate with a cell size d is positioned in the path of a much broader laser pulse of width D, the intensity distribution in the focal plane of a lens with focal length f consists of a series of bright beamlets with typical diameter 2 f /D, randomly distributed over a circle of diameter 2 f /d. The analogy between the intensity distribution in a focal plane of a lens and the power spectrum taken by a grating spectrometer is apparent if one considers that a lens takes a spatial Fourier trans-form of the incident radiation field, while a spectrometer takes a temporal Fourier transform of the field. Hence, the diameter of the incident laser takes the role of a signal duration, and a cell size assumes the role of the correlation time.
IV. THE NONLINEAR REGIME
The exponential evolution of the RBS instability eventually becomes arrested by various nonlinear phenomena such as wave breaking, particle trapping, and other processes that introduce energy spread on plasma electrons. The spatiotemporal character of the instability plays an important role in the nonlinear regime.
Consider scattering of the incident flattop laser pulse off a semi-infinite resonant plasma wave with wavelength 0 /2. Figure 2 demonstrates the time dependence ͑a 0 ϭ0.45, bϭ0.005, 1 ϭϪ2.0͒ of the intensity of the RBS signal, emerging from the back of the incident pulse of duration s 0 . For Ͼs 0 the steady state is reached-the instability saturates convectively ͑in s͒, via particle trapping. In Fig. 2 the intensity of the RBS signal is normalized to the saturated intensity of the strongly coupled instability, where the field of the plasma wave is negligible in comparison to ponderomotive force and the return current is neglected. Below we calculate this saturated amplitude, a sat , using a simple trapping argument, standard in the theory of FEL amplifiers.
From Eq. ͑12͒ the depth of the ponderomotive bucket is ⌬ p z ϭ4k 0 ͱa 0 a 1 /␥ 0 . Combining Eqs. ͑12͒ and ͑14͒ and assuming ‫0‪ϭ‬ץ/ץ‬ ͑steady state͒, for arbitrary s inside the laser pulse we obtain
expresses the momentum conservation in the absence of the return current; the total momentum gain by the electrons is equal to the momentum lost by the laser to the backscattered radiation. Equation ͑24͒ would still hold if the plasma wave was retained in the equations of motion since electron-electron interactions preserve total momentum. The peak amplitude of the backscattered radiation can be estimated by assuming, on average, that electrons gained half of the maximum trapped momentum: ͗p z j ͘Ϸ⌬p z /2, resulting in
͑25͒
Comparing a 1 with a sat indicates whether the backscattered radiation has entered the nonlinear regime. A similar ͑up to a numerical factor͒ estimate of the saturated amplitude of the RBS amplitude was derived in Ref. 35 using fluid model of the plasma. As a function of time, the RBS signal exhibits a very large transient spike before the steady state is established. This is the so-called superradiant radiation. To understand how the intensity of the superradiant radiation can reach the levels much exceeding the steady-state saturated intensity, note that by being in the very beginning of the backscattered signal, the superradiant radiation encounters unperturbed plasma. Hence, the usual steady-state calculation is not applicable for superradiant radiation. Superradiant spikes can grow ͑and narrow͒ beyond the steady-state limit of Eq. ͑25͒ by continuously trapping fresh particles. As superradiant spikes propagate through the pulse, their amplitude grows and their width decreases. This is because the bounce time in a ponderomotive potential scales as 1/ͱ͉a 1 ͉ as does the spike duration; 25 electrons get trapped in the bucket and execute exactly half of a bounce, acquiring forward momentum from the ponderomotive potential ͑which is compensated for by the growth in the RBS signal͒.
To illustrate some of these ideas, we carried out simulations seeding the RBS with a localized density clump. We find that the intensity of the superradiant spike is order of magnitude higher than the saturated steady-state intensity. In Fig. 3͑a͒ we show three snapshots of the superradiant spike for several pulse durations as it propagates into the incident pulse. We see that the spike broadens initially as it propagates into the pump laser pulse. This is consistent with the shape of the linear Green's function from Eq. ͑18͒. Further into the pump pulse, the nonlinear bounce motion of the plasma electrons, under the combined influence of the ponderomotive force and electric field of the plasma wave, acts to shorten the spike. A snapshot of particle phase space, in the nonlinear regime at the maximum of the superradiant spike is shown in Fig. 3͑b͒ . Particle trapping is evident, and energetic electrons with velocities in excess of 6v ph , where v ph ϭ p /(2k 0 ) is the phase velocity of the plasma wave, are produced. For longer or more intense incident pulses particle velocities can be even higher. This result contrasts with the numerical and experimental results for long pulses 2 which predicted particle velocities less than 4v ph . The reason for higher particle velocities in the superradiant regime is that the intensity of RBS light in superradiant spikes can be much higher than in the steady state.
Another example of superradiance is the nonlinear interaction between the superradiant radiation spikes produced by reflection off two independent density clumps separated by distance ⌬z. The results of the numerical simulation are shown in Fig. 4 , where we plot the time dependence of the intensity of the backscattered radiation for different separations. As Fig. 4 indicates, when ⌬z is small, the second superradiant spike is nonlinearly suppressed by the first spike. This is because for ⌬zϽs 0 /2 the radiation produced by both the first and the second clumps interact with the same regions of the plasma in the presence of the pump pulse. The first superradiant spike introduces energy spread in the plasma, thus inhibiting the growth of the second superradiant spike. As the separation between the clumps increases, the region of the plasma that the two spikes share shrinks, and the second spike grows to the same intensity as the first spike ͑as Fig. 4 indicates͒.
One of the signatures of superradiance is the quadratic dependence of the signal intensity on both the electron density and the growth time which, in case of a convectively saturating instability, is equal to the duration of the pump, s 0 . Below we verify this dependence. .
͑29͒
As Eq. ͑29͒ indicates, superradiant spike exhibits the classical scaling of the intensity with the square of the electron density. Note also that in the nonlinear regime the spike intensity grows only quadratically ͑not exponentially͒ with propagation distance. Note that the duration of the spike also decreases as ͉a 1 ͉ Ϫ1/2 with the spike amplitude, leading to spectral broadening. The spectral width is roughly equal to the bounce frequency of plasma electrons inside the superradiant spikes.
V. RELATION TO EXPERIMENTS
A direct comparison of the one-dimensional linear theory to experimental results is not entirely straightforward. At low laser intensity ͑the linear regime͒ spikes have not been observed in the spectra of any of the recent RBS experiments 7 despite the fact that the spectral resolutions in these experiments were high enough to resolve frequencies of the order of 2/t sig . The pulse duration can be estimated as t sig Ϸ2Z R /c. To understand the experimental results, it is essential to consider the transverse coherence of the RBS radiation.
As we argued above, RBS radiation is seeded by random electron density fluctuations, encountered by the front of the laser pulse, with correlation length of the order of D . Thus, for small s, before significant amplification takes place, the transverse coherence properties of RBS radiation are essentially those of the random noise. For large s, the dependence of the growth rate of ''nearly'' backscattered radiation on the deflection angle, ␦ϭk Ќ /k 0 , as well as the finite spot size of the incident pulse, limit the range of the effectively amplified k Ќ , resulting in the buildup of the transverse coherence. In the paraxial approximation, the growth rate of the off-axis instability depends on the angle to the axis, ␦, as ⌫ ␦ Ϸ⌫(1Ϫ␦ 2 /4). If the number of on-axis exponentiations is N exp ϭ⌫s 0 , the range of the effectively amplified angles is 2␦ϭ4/ͱN exp . Our simulations indicate that for 10ϽN exp Ͻ20 RBS becomes strongly nonlinear. Restricting the analysis to the linear regime, find that radiation emitted at angles ␦Ͻ0.45-0.6 ͑depending on N exp ͒ is effectively amplified.
However, the finite spot size of the incident laser pulse imposes a more severe constraint on the angle of RBS emission. Qualitative estimate of the angle can be obtained by requiring that the sidescattered radiation does not escape through the side of the incident laser, that is ␦Ͻ2w/s 0 , or k Ќ Ͻ2wk 0 /s 0 . This criterion is equivalent to the requirement that the amplified radiation does not diffract out of the pulse during the amplification. The transverse coherence size can be approximated as
͑30͒
Hence, the number of transversely independent ͑incoherent͒ filaments emerging from the back of the incident laser pulse can be estimated as
assuming, for simplicity, that the spectrometer averages over the transverse extent of the RBS radiation. Then the procedure for evaluating the detected spectra is to take an average over N coh independent one-dimensional spectra. The exact details of the averaging may be fairly complicated and beyond the scope of this paper. They depend on the optics, transmitting the light to the spectrometer slit, detectors used to time integrate the intensity of RBS after the grating, etc. For the parameters of the Livermore experiment 7 wϭ30 m, 0 ϭ1.06 m, N coh Ϸ290. The average over N coh random spectra is presented in Fig. 1͑b͒ .
In the nonlinear regime, the experimentally observed spectra were broadened and exhibited spiking. 7 As noted earlier, broadening of the spectra is related to the narrowing of the superradiant spikes, with the spectral width roughly equal to bounce frequency inside the spikes. To explain the spikiness of the spectra, we conjecture that the transverse coherence of the RBS signal is partly restored in the nonlinear regime. This is because different RBS filaments, separated by less than collisionless skin depth c/ p become coupled through the return current ͓see Eq. ͑9͔͒. Hence, the collisionless skin depth now assumes the role of the transverse coherence size ⌬x. The number of incoherent filaments can now be estimated as N Ϸk p 2 w 2 . For the parameters of the Livermore experiment this yields N coh ϭ9. The average over N coh random spectra is presented in Fig. 5 for a 0 ϭ0.45; spikiness of the averaged spectrum is apparent.
VI. CONCLUSION
We have derived a new formalism for studying the nonlinear evolution of RBS radiation in an underdense plasma. These equations are one dimensional and require only an eikonal approximation. The equations have some advantages FIG. 5 . Average over N ϭ9 single-shot spectra in nonlinear regime. Laser pulse as in Fig. 2. over the full nonlinear Maxwell-Lorenz equations. Their numerical implementation is substantially faster than the corresponding PIC simulation. Various pieces of the physics can be controlled; for example the transition between strong and weak coupling is easily studied since the plasma electric field is calculated separately from the eikonal RBS field. The response to a single localized noise source has been investigated in detail and we have demonstrated the superradiant behavior of RBS radiation. In the linear regime, assuming transverse coherence, the single-shot RBS spectra, seeded by random density fluctuations, is seen to consist of random spikes. The experimentally observed smooth spectra in the linear regime are attributed to transverse incoherence of the RBS radiation filaments. In the nonlinear regime, we conjecture that transverse coherence is restored by nonlinear returncurrent coupling between different transverse RBS filaments, leading to spiky spectra at high laser intensities, as experimentally observed.
